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THE CONICAL COMPLEX MONGE-AMPE`RE EQUATIONS ON
KA¨HLER MANIFOLDS
JIAWEI LIU AND CHUANJING ZHANG
Abstract. In this paper, by providing the uniform gradient estimates for a
sequence of the approximating equations, we prove the existence, uniqueness
and regularity of the conical parabolic complex Monge-Ampe`re equation with
weak initial data. As an application, we prove a regularity estimates, that is,
any L∞-solution of the conical complex Monge-Ampe`re equation admits the
C2,α,β -regularity.
1. Introduction
The complex Monge-Ampe`re equation plays an important role in geometric anal-
ysis. It is well known that the existence of the Ka¨hler-Einstein metrics and the
solutions of the complex Monge-Ampe`re equations are closely connected. Aubin [1]
and Yau [49] solved the Calabi’s [5] conjecture by using the complex Monge-Ampe`re
equation and Cao [4] gave a parabolic proof of this conjecture by using the parabolic
complex Monge-Ampe`re equation which is equivalent to the Ka¨hler-Ricci flow. By
using the complex Monge-Ampe`re equation with conical singularity, Tian [44] and
Chen-Donaldson-Sun [7, 8, 9] proved the Yau-Tian-Donaldson’s conjecture. There
are many results of the (parabolic) complex Monge-Ampe`re equation, we refer the
reader to references Caffarelli-Kohn-Nirenberg-Spruck [3], J.C. Chu [12], Dienw-
Zhang-Zhang [13], B. Guan [16], Guan-Li [17, 18], P.F. Guan [19, 20, 21], Liu-Zhang
[31], Phong and Sturm et al. [34, 35, 36, 37], G. Sz´ekelyhidi [38], Sz´ekelyhidi-Tosatti
[39], G. Tian [43, 45], Tian-Zhu [46], Y. Wang [47], Y.Q. Wang [48] and X. Zhang
[50], etc.
Let (M,ω0) be a Ka¨hler manifold. Assume that D is an irreducible divisor, s
and h are the definition section and smooth Hermitian metric of the line bundle
associated to the divisor D respectively. Denote the model conical Ka¨hler metric
ωβ = ω0 +
√−1δ∂∂¯|s|2βh and
E(M,ω0) =
{
ϕ ∈ PSH(M,ω0)|
∫
M
(ω0 +
√−1∂∂¯ϕ)n =
∫
M
ωn0
}
.(1.1)
For any smooth function F : R×M → R, we consider the conical parabolic complex
Monge-Ampe`re equation
(1.2)

∂ϕ(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕ(t))n
ωn0
+ F (ϕ(t), z) + (1 − β) log |s|2h,
ϕ(t)|t=0 = ϕ0,
Key words and phrases. conical singularity, uniformly gradient estimates, complex Monge-
Ampe`re equation.
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where β ∈ (0, 1), ϕ0 ∈ Ep(M,ω0) with p > 1 and
Ep(M,ω0) =
{
ϕ ∈ E(M,ω0)| (ω0 +
√−1∂∂¯ϕ)n
ωn0
∈ Lp(M,ωn0 )
}
.(1.3)
Definition 1.1. We call ϕ(t) a solution of the equation (1.2) on [0, T ] (0 < T <∞)
if it satisfies the following conditions.
• ϕ(t) ∈ C0([0, T ]×M)∩C∞((0, T ]×(M \D)) satisfies the parabolic complex
Monge-Ampe`re equation (1.2) on (0, T ]× (M \D);
• For any 0 < δ < T , there exists a constant C such that
C−1ωβ ≤ ω0 +
√−1∂∂¯ϕ(t) ≤ Cωβ, on [δ, T ]× (M \D);
• On [δ, T ], there exist constants α ∈ (0, 1) and C∗ such that ϕ(t) is Cα on
M with respect to ω0 and ‖∂ϕ(t)∂t ‖L∞(M\D) 6 C∗.
We study the conical parabolic complex Monge-Ampe`re equation (1.2) by using
the following parabolic complex Monge-Ampe`re equation
(1.4)
∂ϕε(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕε(t))n
ωn0
+ F (ϕε(t), z) + (1− β) log(ε2 + |s|2h),
ϕε(0) = ϕ0.
We first prove the uniform gradient estimates for a sequence of smooth parabolic
complex Monge-Ampe`re equations. In this process, we need construct a new aux-
iliary function, and we also need more details to deal with the terms which need
not be considered for a single equation, such as the terms coming from the new
auxiliary function and the curvature terms, etc. Then we study the existence of
the conical parabolic complex Monge-Ampe`re equation (1.2) by the approximating
method which was used in [32]. We also prove the uniqueness and regularity of the
equation (1.2) by using Jeffres’ trick [26] and Tian’s elliptic C2,α,β-estimates [45]
respectively. In fact, we obtain the following theorem.
Theorem 1.2. Let (M,ω0) be a Ka¨hler manifold with complex dimension n, D
be an irreducible divisor, s and h be the definition section and smooth Hermitian
metric of the line bundle associated to the divisor D respectively. Assume that
ϕ0 ∈ Ep(M,ω0) with p > 1. For any β ∈ (0, 1), there exists T such that the conical
parabolic complex Monge-Ampe`re equation (1.2) admits a unique solution ϕ(t) on
[0, T ]. Furthermore, ϕ(t) is C2,α,β for any α ∈ (0,min{1, 1
β
− 1}) when t ∈ (0, T ].
Remark 1.3. When F (ϕ, z) = µϕ+h and c1(M) = µ[ω0]+(1−β)c1(D) with some
function h, the equation (1.2) is the conical Ka¨hler-Ricci flow which was studied in
[10, 11, 15, 31, 32, 40, 41]. When β = 1, there exists no singular terms in (1.2).
Song-Tian [42] studied F (z) case and Sz´ekelyhidi-Tosatti [39] studied the case with
particular initial data. Here, we consider β ∈ (0, 1) and the general initial data.
As an application of Theorem 1.2, we obtain the following regularity estimates
for the singular equation.
Theorem 1.4. With the assumptions in Theorem 1.2, let ϕ0 ∈ PSH(M,ω0)
⋂
L∞(M)
be a solution of the conical complex Monge-Ampe`re equation
(1.5) (ω0 +
√−1∂∂¯ϕ0)n = e−F (ϕ0,z) ω
n
0
|s|2(1−β)h
.
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Then ϕ0 ∈ C2,α,β(M).
Remark 1.5. In [39], Sz´ekelyhidi-Tosatti considered this problem in the smooth
case β = 1. In their case, they can prove that ϕ0 is smooth. In [45], Tian
obtained the C2,α,β-regularity for ϕ0 under the assumption that ω0 +
√−1∂∂¯ϕ0
is equivalent to the model conical Ka¨hler metric ωβ. Here we only assume that
ϕ0 ∈ PSH(M,ω0)
⋂
L∞(M). When F (ϕ, z) = µϕ+h with smooth function h, this
result is proved by Guenancia-Pa˘un in [23]. In our case, we need the uniform gra-
dient estimates which do not be needed in Guenancia-Pa˘un’s case for the sequence
of approximating equations.
The paper is organized as follows. In section 2, we prove the uniform gradient
estimates for the sequence of the approximating equations, and then we prove the
existence and uniqueness of the parabolic complex Monge-Ampe`re equation (1.4).
In section 3, we prove the existence of the solution to the conical parabolic complex
Monge-Ampe`re equation (1.2) by limiting the equations (1.4), and prove that ϕ(t)
converges to ϕ0 in L
∞-norm as t→ 0+. We also prove the uniqueness and regularity
of the conical equation (1.2). At last, we prove Theorem 1.4.
Acknowledgement: The authors would like to thank their advisors Professor
Jiayu Li and Professor Xi Zhang for providing many suggestions and encourage-
ments. The first author also would like to thank Professor Xiaohua Zhu for his
constant help.
2. The existence of the parabolic complex Monge-Ampe`re equation
with weak initial data
In this section, we prove the existence and uniqueness of the solution to the
parabolic complex Monge-Ampe`re equation (1.4) by following the arguments in
[32, 42]. The differences are that we need prove the uniform gradient estimates
for the sequence of the approximating equations in this case. In [39], Sze´kelyhidi
and Tosatti proved the gradient estimate for a single parabolic Monge-Ampe`re
equation. But when we prove the uniform gradient estimates for a sequence of
parabolic Monge-Ampe`re equations, we need more details to deal with the terms
which need not be considered for a single equation.
We denote f = (ω0+
√−1∂∂¯ϕ0)n
ωn0
∈ Lp(M,ωn0 ) for some p > 1. By considering the
complex Monge-Ampe`re equation
(ω0 +
√−1∂∂¯ϕ0,j)n = fjωn0(2.1)
and using the stability theorem in [29] (see also [14] or [22]), we have
lim
j→∞
‖ϕ0,j − ϕ0‖L∞(M) = 0,(2.2)
where ϕ0,j ∈ PSH(M,ω0) ∩ C∞(M) satisfy sup
M
(ϕ0 − ϕ0,j) = sup
M
(ϕ0,j − ϕ0),
fj ∈ C∞(M) satisfy
∫
M
fjω
n
0 =
∫
M
ωn0 and lim
j→∞
‖fj − f‖Lp(M) = 0.
We prove the existence of the solution to the equation (1.4) by using the smooth
parabolic complex Monge-Ampe`re equation
(2.3)
∂ϕε,j(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕε,j(t))n
ωn0
+ F (ϕε,j(t), z) + (1− β) log(ε2 + |s|2h),
ϕε,j(0) = ϕ0,j ,
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which can be written as
(2.4)
∂φε,j(t)
∂t
= log
(ωε +
√−1∂∂¯φε,j(t))n
ωnε
+ F (φε,j(t) + δχ(ε
2 + |s|2h), z) + fε,
φε,j(0) =ϕ0,j − δχ(ε2 + |s|2h) := φε,0,j ,
where φε,j(t) = ϕε,j(t) − δχ(ε2 + |s|2h), χ(ε2 + |s|2h) = 1β
∫ |s|2h
0
(ε2+r)β−ε2β
r
dr, ωε =
ω0+
√−1δ∂∂χ(ε2 + |s|2h), fε = log(ω
n
ε
ωn0
· (ε2 + |s|2h)1−β). We know that χ(ε2 + |s|2h)
and fε are uniformly bounded (see (15) and (25) in [6]).
Let [0, Tε,j) be the maximal existence interval of the equation (2.4), where Tε,j
depends on the C2,α-norm of φε,0,j . Our aim is to obtain the uniform high order
estimates, which only depend on the initial condition in a weaker way. For all s,
we define
(2.5) F (s) = max
ε∈[0,1]
z∈M
F (s+ δχ(ε2 + |s|2h), z) + C,
which is a continuous function independent of ε and j, where C satisfies |fε| ≤ C.
Let G(t) be the solution of equation
(2.6)
{
G′(t) = F (G(t))
G(0) = A
on [0, T ], where ‖φε,0,j‖L∞(M) 6 A for any ε and j. Denote T ε,j = min{Tε,j, T}.
Lemma 2.1. For any 0 < T < T ε,j, there exists a constant C depending only on
‖ϕ0‖L∞(M), β, n, ω0, T and F such that for any t ∈ [0, T ] and ε > 0,
(2.7) ‖φε,j(t)‖L∞(M) ≤ C.
Proof. For any ε > 0, let zt be the maximum point of φε,j at time t.
∂φε,j
∂t
(t, zt) = log
(ω0 +
√−1∂∂¯φε,j(t, zt))n
ωnε
+ F (φε,j(t, zt) + δχ(ε
2 + |s|2h), zt) + fε(zt)
≤F (φε,j(t, zt)).
(2.8)
If the derivative does not exist at some point, we consider the limsup of the forward
difference quotients at these points ( Hamilton [24]). By the maximum principle
(see Morgan-Tian [33]), we have max
M
φε,j(t) ≤ G(t), where the choice of function
G is independent of ε and j. Hence there exists a constant C depending only on
‖ϕ0‖L∞(M), β, n, ω0, T and F such that max
M×[0,T ]
φε,j(t) ≤ C for any 0 < T < T ε,j ,
ε > 0 and j. By the similar arguments we get the lower bound. 
Proposition 2.2. For any 0 < T < T ε,j, there exists a constant C depending only
on ‖ϕ0‖L∞(M), n, β, F , T and ω0 such that for any t ∈ (0, T ] and ε > 0,
(2.9)
tn
C
≤ (ωε +
√−1∂∂¯φε,j(t))n
ωnε
≤ eCt .
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Proof: Let ∆ε,j be the Laplacian operator associated to the Ka¨hler form ωε,j(t) =
ωε +
√−1∂∂¯φε,j(t). Straightforward calculations show that
(2.10) (
∂
∂t
−∆ε,j)φ˙ε,j = F ′(φε,j(t) + kχ(ε2 + |s|2h), z)φ˙ε,j .
Let H+ε,j(t) = tφ˙ε,j(t)−Aφε,j(t). Then
(
∂
∂t
−∆ε,j)H+ε,j(t) = (1 + F ′t−A)φ˙ε,j +An−Atr ωε,jωε.(2.11)
Let (t0, x0) be the maximum point of H
+
ε,j(t) on [0, T ]×M . Without loss of gener-
ality, we can assume that t0 > 0 and φ˙ε,j(t0, x0) > 0. By the maximum principle,
(2.12) φ˙ε,j(t) ≤ C
t
on (0, T ]×M.
Let H−ε,j(t) = φ˙ε,j(t)+Bφε,j(t)−n log t. Then H−ε,j(t) tends to +∞ as t→ 0+ and
(
∂
∂t
−∆ε,j)H−ε,j(t) = (F ′ +B)φ˙ε,j +Btr ωε,jωε −Bn−
n
t
.(2.13)
Assume that (t0, x0) is the minimum point of H
−
ε,j(t) on [0, T ]×M . We conclude
that t0 > 0 and there exists constants C1, C2 and C3 such that, at (t0, x0),
(
∂
∂t
−∆ε,j)H−ε,j(t)|(t0,x0) ≥
(
C1
( ωnε
ωnε,j(t)
) 1
n + C2 log
ωnε,j(t)
ωnε
− C3
t
)|(t0,x0)
≥ (C1
2
( ωnε
ωnε,j(t)
) 1
n − C3
t
)|(t0,x0),(2.14)
where the constant C1 depends only on n, C2 depends only on F and C3 depends
only on n, ω0, ‖ϕ0‖L∞(M), β, F and T . In inequality (2.14), without loss of
generality, we assume that
ωnε
ωnε,j(t)
> 1 and C12 (
ωnε
ωnε,j(t)
)
1
n + C2 log
ωnε,j(t)
ωnε
≥ 0 at
(t0, x0). By the maximum principle, we have
ωnε,j(t0, x0) ≥ C4tnωnε (x0),(2.15)
where C4 is independent of ε and j. Then it easily follows that H
−
ε,j(t) is bounded
from below by a constant C depending only on ‖ϕ0‖L∞(M), n, β, ω0, F and T . 
Next, we prove the uniform gradient estimates for equation (2.4).
Proposition 2.3. For any 0 < T < T ε,j, there exists a constant C depending only
on ‖ϕ0‖L∞(M), n, β, F , ω0 and T such that for any t ∈ (0, T ], ε > 0 and j,
(2.16) |∇φε,j(t)|ωε ≤ ee
C
t
.
Proof. We modify Blocki’s estimates [2] for the complex Monge-Ampe`re equa-
tion (compare Hanani [25] and Sze´kelyhidi-Tosatti [39]). Define
(2.17) Hε,j(t) = e
−α
t log |∇φε,j |2ωε − γ(φε,j) +At log t+BΨερe−
α
t ,
where function γ, constants α, A andB will be chosen later and Ψερ =
1
ρ
∫ |s|2h
0
(ε2+r)ρ−ε2ρ
r
dr.
Let (t0, x0) be the maximum point of Hε,j(t) on [0, T ]×M , we need only consider
t0 > 0. We choose a local coordinate system w = (w1, ..., wn), to make (gεij¯) be
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identity and (gφε,jik¯) be a diagonal matrix. For simplicity, we write Φ = |∇φε,j(t)|2ωε
and φε,j(t) = φ. Straightforward calculations show that
(
∂
∂t
−∆ε,j)Hε,j(t) = α
t2
e−
α
t log |∇φ|2ωε +A log t+A−B∆ε,jΨερe−
α
t − γ′φ˙
−
∑
j,k,p
e−
α
t
Rεjk¯pp¯φjφk¯
Φ(1 + φpp¯)
+ e−
α
t
∑
j
2ReF ′φjφj¯
Φ
+ γ′′|∇φ|2ωε,j + γ′n
+e−
α
t δ
∑
j
2ReF ′χjφj¯
Φ
+ e−
α
t
∑
j
2Refεjφj¯
Φ
+ e−
α
t
∑
j
2ReFjφj¯
Φ
(2.18)
−e−αt
∑
j,p
|φjp|2
Φ(1 + φpp¯)
− e−αt
∑
p
|φpp¯|2
Φ(1 + φpp¯)
+
α
t2
e−
α
t BΨερ − γ′tr ωε,jωε
+
∑
p
e
α
t (γ′)2|φp|2 + e−αt B2|Ψερp|2 − 2Bγ′ReφpΨερp¯
1 + φpp¯
,
where F ′ is the derivative of F (φ, z) in the φ variable and Fk is the derivative of
F (φ, z) in the z variable. At (x0, t0), we have∑
k
φkpφk¯ = e
α
t Φφpγ
′ −BΦΨερp − φpφpp¯.(2.19)
It follows that
e−
α
t
∑
k,p
|φkp|2
Φ(1 + φpp¯)
≥ e−αt
∑
p
|eαt Φφpγ′ −BΦΨερp − φpφpp¯|2
Φ2(1 + φpp¯)
≥ eαt
∑
p
γ′2|φp|2
1 + φpp¯
+ e−
α
t
∑
p
B2|Ψερp|2
1 + φpp¯
−
∑
p
2Bγ′ReφpΨερp¯
1 + φpp¯
(2.20)
−
∑
p
2γ′|φp|2φpp¯
Φ(1 + φpp¯)
−
∑
p
2e−
α
t BReφpφpp¯Ψερp¯
Φ(1 + φpp¯)
,
where we assume that γ′ > 0, e−
α
2t0 logΦ(x0, t0) ≥ C for some constant C which
will be determined later, and hence Φ(x0, t0) ≥ 1. By computing, we have
|∇χ|2ωε ≤ C
( (ε2 + |s|2h)β − ε2β
β|s|2h
)2|s|2h(ε2 + |s|2h)1−β |D′s|2h + C,(2.21)
where constant C is uniform. Since the function
F (x, y) =
((x2 + y2)β − x2β)2
y2
(x2 + y2)1−β
is bounded on [0, 1]× [0, 1] and |∇χ|2ωε is uniformly bounded.∑
p
(eαt (γ′)2|φp|2 + e−αt B2|Ψερp|2 − 2Bγ′ReφpΨερp¯
upp¯
− e−αt |φpp¯|
2
Φ(1 + φpp¯)
)
≤
∑
p
2Be−
α
t |φpp¯||Ψερp¯|√
Φ(1 + φpp¯)
+
∑
p
2γ′|φp|2φpp¯
Φ(1 + φpp¯)
≤2γ′n+ 2B2e−αt |Ψερp¯|
2
1 + φpp¯
+
e−
α
t |φpp¯|2
2Φ(1 + φpp¯)
,
(2.22)
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2
∑
k
Refεkφk¯
Φ
≤ 2
∑
k
∑
l(1 + φll¯)√
Φ
√∑
l(1 + φll¯)
· |fεk|√∑
l(1 + φll¯)
≤ C
KΦ
∑
l
1 + |φll¯|2
1 + φll¯
+K
∑
k
|fεk|2
1 + φkk¯
.(2.23)
By choosing K large enough and putting (2.20)-(2.23) into (2.18), we have
(
∂
∂t
−∆ε,j)Hε,j(t) ≤ α
t2
e−
α
t logΦ + (A− Cγ′) log t+ Cγ′ −Be−αt ∆ε,jΨερ
−e−αt
∑
k,l,p
Rlk¯pp¯φlφk¯
Φ(1 + φpp¯)
+Ke−
α
t
∑
k
|fεk|2
1 + φkk¯
+ 2B2e−
α
t
|Ψερp¯|2
1 + φpp¯
(2.24)
+(C − γ′)
∑
k
1
1 + φkk¯
+ γ′′
∑
k
|φk|2
1 + φkk¯
+ C.
We claim that
−B∆ε,jΨερ −
∑
k,l,p
Rlk¯pp¯φlφk¯
Φ(1 + φpp¯)
+K
∑
k
|fεk|2
1 + φkk¯
+ 2B2
|Ψερp¯|2
1 + φpp¯
≤ B
∑
k
1
1 + φkk¯
−B
∑
k
1
(ε2 + |zn|2)1−ρ |
∂zn
∂wk
|2 1
1 + φkk¯
+2B2
∑
k
((ε2 + |s|2h)ρ − ε2ρ)2
|s|2h
∣∣ ∂zn
∂ωk
∣∣2 1
1 + φkk¯
(2.25)
+C
∑
k
1
(ε2 + |zn|2)β˜ |
∂zn
∂wk
|2 1
1 + φkk¯
,
where β˜ ∈ {β, 1 − β, 2β − 1, 1 − 2β}. Set θ ∈ [0, pi2 ), ε = r cos θ, |s|h = r sin θ and
r ∈ (0, 1). Then
((ε2 + |s|2h)ρ − ε2ρ)2
|s|2h
=
r4ρ(1 − cos2ρ θ)2
r2 sin2 θ
.(2.26)
It is obvious that
(2.27)
r4ρ(1− cos2ρ θ)2
r2 sin2 θ
≤ C1 r
2ρ
r2(1−ρ)
.
We first confirm B ≥ 2C in (2.25). Fix a neighbourhood U of divisor D such that
(2.28) 2BC1r
2ρ <
1
2
in U.
We need only consider the case x0 ∈ U . By 1− ρ > β˜, we have
(
∂
∂t
−∆ε,j)Hε,j(t) ≤ e− α2t logΦ + (A− Cγ′) log t+ Cγ′ + C
+(C − γ′)
∑
k
1
1 + φkk¯
+ γ′′
∑
k
|φk|2
1 + φkk¯
.
Let γ(s) = D′s− 1
D′
s2. If we choose D′ large enough and A satisfying A−Cγ′ ≥ 0,∑
k
1
1 + φkk¯
+
∑
k
|φk|2
1 + φkk¯
≤ 2e− α2t logΦ,(2.29)
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so in particular (1 + φkk¯)
−1 ≤ 2e− α2t logΦ for any k. By (2.9), we know that
1 + φkk¯ ≤ Ce
C−α(n−1)
2t (logΦ)n−1, k = 1, · · · , n.(2.30)
If we choose α large enough, we have
1 + φkk¯ ≤ C(log Φ)n−1, k = 1, · · · , n.(2.31)
By (2.29), we conclude that at (x0, t0),
Φ ≤ C(logΦ)n, k = 1, · · · , n.(2.32)
This shows that Φ(t0, x0) ≤ C and in turnHε,j(t0, x0) are uniform bounded by some
uniform constant. Hence there exists a constant C depending only on ‖ϕ0‖L∞(M),
n, β, ω0, F and T such that
|∇φε,j(t)|2ωε ≤ ee
C
t
.(2.33)
Lemma 2.4. For any 0 < T < T ε,j, there exists a constant C depending only on
‖ϕ0‖L∞(M), n, β, ω0, F and T such that for any t ∈ (0, T ] and ε > 0,
e−e
e
C
t
ωε ≤ ωε,j(t) ≤ ee
e
C
t
ωε.(2.34)
Proof: Let ωε,j = ωε +
√−1∂∂¯φε,j(t). By computing, we have
(
d
dt
−∆ε,j) log tr ωεωε,j
=
1
tr ωεωε,j
(
∆ωε(ϕ˙− log
ωnε,j
ωnε
) +Rωε
)− 1
tr ωεωε,j
(gpq¯ε,jgε,j mk¯R
m¯k
ωε pq¯
)
+
gδk¯ε,j∂δtr ωεωε,j∂k¯tr ωεωε,j
(tr ωεωε,j)
2
− g
γs¯
ε ϕ
t
γ pϕ
p
s¯t
tr ωεωε,j
.
(2.35)
At the same time, by using Proposition 2.3, we have
∆ωεF (φε,j + kχ, z) =F
′(∆ωεφε,j + k∆ωεχ) + ∆ωεF
+ CF ′′(|∇φε,j |2ωε + k|∇χ|2ωε) + 2|F ′k|ωε(|∇φε,j |ωε + k|∇χ|ωε)
≤Cee
C
t + Ctr ωεωϕε .
(2.36)
Then by the similar arguments as that in Lemma 2.3 [32], we have
(
∂
∂t
−∆ε,j)(e−e
α
t log tr ωεωε,j + e
−eαt Ψερ −Aφε,j)
≤− A
4
tr ωε,jωε − C log t+ C.
(2.37)
By the maximum principle and the inequality
trωεωε,j(t) ≤
1
(n− 1)! (trωε,j(t)ωε)
n−1ω
n
ε,j(t)
ωnε
,(2.38)
we conclude
(2.39) tr ωεωε,j ≤ ehC(t),
where hα(t) = e
e
α
t . Using the inequality (2.38) again, we conclude that
(2.40) tr ωε,jωε ≤ ehC(t),
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where the constant C depends only on ‖ϕ0‖L∞(M), n, β, ω0, F and T . From (2.39)
and (2.40), we prove the lemma. 
By Lemma 2.4 and the fact that ωε > γω0 for some uniform constant γ (see
inequality (24) in [6]), we have
(2.41) e−hC(t)ω0 ≤ ωε,j ≤ CεehC(t)ω0
on (0, T ]×M , where C is a uniform constant and Cε depends on ε. We next prove
the Calabi’s C3-estimates. Denote
Sε,j = |∇ω0ωε,j(t)|2ωε,j(t) = gim¯ε,jgkl¯ε,jg
pq¯
ε,j∇0i(gε,j)kq¯∇0m(gε,j)pl¯.(2.42)
Lemma 2.5. For any 0 < T < T ε,j and ε > 0, there exist constants Cε and C
such that for any t ∈ (0, T ], we have
Sε,j ≤ CεehC(t),(2.43)
where constant C depends only on ‖ϕ0‖L∞(M), n, β, ω0, F and T , and constant
Cε depends in addition on ε.
Proof: Straightforward calculations show that
(
∂
∂t
−∆ε,j)Sε,j(t) =− |∇X |2ε,j − |∇X |2ε,j + 2Re〈∇T −∇Rmω0 , X〉ωε,j
+X ipkX
j
ql(T
pq¯gϕεij¯g
kl¯
ϕε
− gpq¯ϕεTij¯gkl¯ϕε + gpq¯ϕεgϕεij¯T kl¯),
(2.44)
where Xkil = (∇ih · h−1)kl, hik = gij0 gϕεjk and
Tij¯ =(
∂gϕε
∂t
+Ric(gϕε))ij¯
=Ric(g0)ij¯ + log(ε
2 + |s|2h)ij¯ + Fij¯ + F ′′ϕiϕj¯ + F ′iϕj¯ + F ′¯jϕi + F ′ϕij¯ .
(2.45)
Since
∇mTij¯ = ∇0mTij¯ −XsmlTsj¯ ,
∇ϕεpR β0 lqm = ∇0pR β0 lqm +XβpsR s0 lqm −XsplR β0 sqm −XspmR β0 lqs,
we have
(
∂
∂t
−∆ε,j)Sε,j(t) ≤− |∇ϕεX |2ε,j − |∇ϕεX |2ε,j + CεhC(t)ehC(t)Sε,j
+ CεhC(t)e
hC(t) + |ϕij |2ωε,j .
(2.46)
Combining with the following evolution equations
(
∂
∂t
−∆ε,j)tr ω0ωε,j ≤− e−hC(t)Sε,j + CεhC(t)ehC(t),(2.47)
(
∂
∂t
−∆ε,j)|∇ϕε,j |2ω0 ≤CεhC(t)ehC(t) − e−hC(t)
∑
j,p
|ϕjp|2
(1 + ϕpp¯)(1 + ϕjj¯)
,(2.48)
we have
(
∂
∂t
−∆ε,j)(e−hα(t)Sε,j +Aεe−hβ(t)tr ω0ωε,j + e−hγ(t)|∇ϕε,j |2ω0)
≤ChC(t)e−hC(t) + e−hC(t) + Cεe−
hα(t)
2 Sε,j −Aεe−2hβ(t)Sε,j
+ e−hα(t)|ϕij |2ωε,j − e−hC(t)−hγ(t)|ϕij |2ωε,j .
(2.49)
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By choosing suitable α, β and γ and using the maximum principle, we have
(2.50) Sε,j ≤ Cεehα(t),
where Cε is independent of j and hα(t) is independent of ε, j.
By using the Schauder regularity theory and equation (2.3), we get the high
order estimates of ϕε,j(t).
Proposition 2.6. For any 0 < η < T < T ε,j, ε > 0 and k ≥ 0, there exists a
constant Ck depending only on η, T , ε, k, n, β, ω0, F and ‖ϕ0‖L∞(M), such that
‖ϕε,j(t)‖
Ck
(
[η,T ]×M
) ≤ Ck.(2.51)
Proposition 2.7. There exists a uniform T such that the equation (2.3) admits a
unique solution on [0, T ]×M for any ε and j. Furthermore,
‖ϕε,j(t)− ϕε,l(t)‖L∞([0,T ]×M) ≤ eβT ‖ϕ0,j − ϕ0,l‖L∞(M).(2.52)
In particular, {ϕε,j(t)} satisfies
lim
j,l→∞
‖ϕε,j(t)− ϕε,l(t)‖L∞([0,T ]×M) = 0.(2.53)
Proof. Let Tε,j be the maximal existence interval of the equation (2.3). We
prove that Tε,j ≥ T for any ε and j. If Tε,j < T , by Proposition 2.6, we obtain
C∞-estimates for ϕε,j(t) on [0, Tε,j). Hence as t→ Tε,j , ϕε,j(t) converge in C∞ to
a smooth function ϕε,j(Tε,j) and thus we obtain a smooth solution to the equation
(2.3) on [0, Tε,j]. But we can always find a smooth solution of the equation (2.3) on
some, possibly short, time interval with any initial Ka¨hler potential. Applying this
to ϕε,j(Tε,j), we obtain a solution of the equation (2.3) on [0, Tε,j + ε¯) for ε¯ > 0.
But this contradicts the definition of Tε,j . Then Tε,j ≥ T . Therefore, we conclude
that there exists a uniform T such that the equation (2.3) admits a solution on
[0, T ]×M for any ε and j. Next, we prove (2.52).
(2.54) ‖ϕε,j(t)‖L∞ ≤ C, for any t ∈ [0, T ], ε > 0 and j ∈ N+.
Set Ψε,j,l(t) = ϕε,j(t)− ϕε,l(t).
∂Ψε,j,l(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕε,l(t) +
√−1∂∂¯Ψε,j,l(t))n
(ω0 +
√−1∂∂¯ϕε,l(t))n
+ F (ϕε,j(t), z)− F (ϕε,l(t), z).
(2.55)
Since
(2.56) |F (ϕε,j(t), z)− F (ϕε,l(t), z)| ≤ K|ϕε,j(t)− ϕε,l(t)|,
where K only depends on ‖ϕ0‖L∞ , ω0, β, n, F and T ,
(2.57)
∂Ψε,j,l(t)
∂t
≤ log (ωε,l +
√−1∂∂¯Ψε,j,l(t))n
ωnε,l
+K|Ψε,j,l(t)|.
Let Ψ˜ε,j,l(t) = e
−KtΨε,j,l(t) − δt. Assume that the maximum point of Ψ˜ε,j,l(t) is
(t0, x0). If t0 = 0, then
(2.58) Ψε,j,l(t) ≤ eKT sup
M
Ψε,j,l(0) + δT e
KT .
If t0 > 0 and Ψε,j,l(t0, x0) ≤ 0, we have
(2.59) Ψε,j,l(t) ≤ δT eKT .
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If t0 > 0 and Ψε,j,l(t0, x0) > 0, then
∂
∂t
(e−KtΨε,j,l(t)− δt)
≤−Ke−KtΨε,j,l(t) + e−Kt log (e
−Ktωε,l +
√−1∂∂¯(e−KtΨε,j,l(t)− δt))n
(e−Ktωε,l)n
+Ke−Kt|Ψε,j,l(t)| − δ.
(2.60)
By the maximum principle, at (t0, x0), we have 0 ≤ ∂Ψ˜ε,j,l∂t (t0, x0) ≤ −δ, which is
impossible. Hence
(2.61) Ψε,j,l(t) ≤ eKT ‖ϕ0,j − ϕ0,l‖L∞ + δT eKT .
By the same arguments, we can get the lower bound of Ψε,j,l(t),
(2.62) Ψε,j,l(t) ≥ −eKT‖ϕ0,j − ϕ0,l‖L∞(M) − δT eKT .
Combining (2.61) and (2.62), we have
(2.63) ‖ϕε,j(t)− ϕε,l(t)‖L∞([0,T ]×M) ≤ eKT ‖ϕ0,j(t)− ϕ0,l(t)‖L∞(M) + δT eKT .
Let δ → 0, we have
(2.64) ‖ϕε,j(t)− ϕε,l(t)‖L∞([0,T ]×M) ≤ eKT ‖ϕ0,j(t)− ϕ0,l(t)‖L∞(M).
By the similar arguments as above, we know that the solution to equation (2.4)
must be unique. 
By (2.53), ϕε,j(t) converges to ϕε(t) ∈ L∞([0, T ]×M) uniformly in L∞([0, T ]×
M)-topology. For any 0 < δ < T and ε > 0, ϕε,j(t) is uniformly bounded (depends
on ε) in C∞([δ, T ]×M). Therefore ϕε,j(t) converges to ϕε(t) in C∞([δ, T ]×M)-
topology. Hence for any ε > 0, ϕε(t) ∈ C∞((0, T ]×M).
Proposition 2.8. For any ε > 0, ϕε(t) ∈ C0([0, T ]×M) and
lim
t→0+
‖ϕε(t)− ϕ0‖L∞(M) = 0.(2.65)
Proof: For any (t, z) ∈ (0, T ]×M ,
|ϕε(t, z)− ϕ0(z)| ≤ |ϕε(t, z)− ϕε,j(t, z)|+ |ϕε,j(t, z)− ϕ0,j(z)|
+|ϕ0,j(z)− ϕ0(z)|.(2.66)
Since ϕε,j(t) is a Cauchy sequence in L
∞([0, T ]×M),
lim
j→∞
‖ϕε(t, z)− ϕε,j(t, z)‖L∞([0,T ]×M) = 0.(2.67)
From (4.4), we have
lim
j→∞
‖ϕ0,j(z)− ϕ0(z)‖L∞(M) = 0.(2.68)
For any ǫ > 0, there exists an N such that for any j > N ,
sup
[0,T ]×M
|ϕε(t, z)− ϕε,j(t, z)| < ǫ
3
,
sup
M
|ϕ0,j(z)− ϕ0(z)| < ǫ
3
.
On the other hand, fixed such j, there exists 0 < δ < T such that
sup
[0,δ]×M
|ϕε,j(t, z)− ϕ0,j | < ǫ
3
.(2.69)
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Combining the above estimates together, for any t ∈ [0, δ] and z ∈M ,
|ϕε(t, z)− ϕ0(z)| < ǫ.(2.70)
This completes the proof of the lemma. 
Proposition 2.9. ϕε(t) is the unique solution to the parabolic Monge-Ampe`re equa-
tion (1.4) in the space of C0
(
[0, T ]×M) ∩ C∞((0, T ]×M).
Proof: By proposition 2.8, we only need to prove the uniqueness. Suppose
there exists another solution ϕ˜ε(t) ∈ C0
(
[0, T ] × M) ∩ C∞((0, T ] × M) to the
Monge-Ampe`re equation (1.4). Let ψε(t) = ϕ˜ε(t)− ϕε(t). Then
∂ψε(t)
∂t
= log
(
ω0+
√−1∂∂¯ϕε(t)+
√−1∂∂¯ψε(t)
)n
(ω0+
√−1∂∂¯ϕε(t))n + F (ϕ˜ε(t), z)− F (ϕε(t), z),
ψε(0) = 0.
By the same arguments as that in the proof of Proposition 2.7,
‖ψε(t)‖L∞([0,T ]×M) ≤ eβT ‖ψε(0)‖L∞(M) = 0.
Hence ψε(t) = 0, that is, ϕ˜ε(t) = ϕε(t). 
3. The existence of the conical parabolic complex Monge-Ampe`re
equation with weak initial data
In this section, we study the existence of the conical parabolic complex Monge-
Ampe`re equation (1.2) by the smooth approximation of equations (1.4). We also
prove the uniqueness and regularity of the equation (1.2).
By Lemma 2.1, Lemma 2.4, Proposition 2.6 and Proposition 2.7, we conclude
that there exist constants C1 and C2 depending only on ‖ϕ0‖L∞(M), β, n, ω0, F
and T , such that for any ε > 0,
‖ϕε(t)‖L∞([0,T ]×M) ≤ C1,(3.1)
e−hC2 (t)ωε ≤ ωε(t) ≤ ehC2 (t)ωε on (0, T ]×M.(3.2)
We first prove the local uniform Calabi’s C3-estimates and curvature estimates
along the equation (2.3). Our proofs are similar as that in Section 2 of [32], but we
need some arguments to handle the terms from F .
Lemma 3.1. For any 0 < η < T and Br(p) ⊂⊂ (M \D), there exist constants C′
and C′′ such that for any ε > 0 and j ∈ N+,
Sε,j ≤ C
′
r2
,
|Rmε,j |2ωε,j(t) ≤
C′′
r4
on [η, T ]×B r
2
(p), where constants C′ and C′′ depend only on ‖ϕ0‖L∞(M), n, β, η,
T , ω0, F and distω0(Br(p), D).
Proof: By Lemma 2.4, there exists a uniform constat C depending only on
‖ϕ0‖L∞(M), n, β, T , ω0, F and distω0(Br(p), D), such that
e−hC(t)ω0 ≤ ωε,j(t) ≤ ehC(t)ω0, on Br(p)× (0, T ].(3.3)
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Let r = r0 > r
′
1 >
r
2 and ψ be a nonnegative C
∞ cut-off function that is
identically equal to 1 on Br1(p) and vanishes outside Br′(p). We may assume that
|∂ψ|2ω0 ≤
C
r2
and |√−1∂∂¯ψ|ω0 ≤
C
r2
.(3.4)
Straightforward calculations show that
(
∂
∂t
−∆ε,j)(ψ2e−hα(t)Sε,j) ≤ C
r2
e−
hα(t)
2 Sε,j + e
−hα(t)|ϕij |ωε,j + C,(3.5)
(3.6) (
∂
∂t
−∆ε,j)(Ae−hβ(t)tr ω0ωε,j) ≤ −Ae−hc(t)−hβ(t)Sε,j +ACe
−hβ (t)
2 +A,
(3.7) (
∂
∂t
−∆ε,j)(e−hγ(t)|∇ϕε,j |2ω0) ≤ −e−hc(t)−hγ(t)|ϕij |2ωε,j + e−
hγ (t)
2 + C.
By choosing sufficiently large α, β, γ, A and using the maximum principle, we
conclude that
Sε,j ≤ C
′
r2
ehα(t) on (0, T ]×Br′1(p).
Hence ‖ϕε,j(t)‖C2,α is uniformly bounded on [η1, T ] × Br1 with 0 < η1 < η and
r
2 < r1 < r
′
1.
Now we prove that |Rmε,j|2ωε,j(t) is uniformly bounded. On [η1, T ]× Br1 , since
‖ϕε,j(t)‖C2,α is uniformly bounded,
(
∂
∂t
−∆ε,j)|Rmε,j |2ωε,j
≤C|Rmε,j |3 + ChC(t)ehC(t)|Rmε,j |2ωε,j +
ChC(t)e
hC(t)
r2
|Rmε,j |ωε,j
+
ChC(t)e
hC(t)
r2
|ϕik|ω0 |Rmε,j |ωε,j + CehC(t)|ϕik|2ω0 |Rmε,j |ωε,j
≤C(|Rmε,j |3ωε,j + 1 +
1
r2
|Rmε,j |ωε,j )− |∇Rmε,j|2ωε,j − |∇Rmε,j |2ωε,j ,
(3.8)
where C depends on δ and T .
We fix a smaller radius r2 satisfying r1 > r2 >
r
2 . Let ρ be a cut-off function
identically equal to 1 on Br2(p) and identically equal to 0 outside Br1 . We also let
ρ satisfy
|∂ρ|2ω0 , |
√−1∂∂¯ρ|ω0 ≤
C
r2
for some uniform constant C. From the former part we know that Sε,j is bounded
on [η1, T ]×Br1(p). Let K = Cˆr2 , Cˆ be constants which are large enough such that
K
2 ≤ K − Sε,j ≤ K. We consider
Fε,j = ρ
2e
− 2α
t−η1
|Rmε,j |2ωε,j(t)
K − Sε,j +Ae
− 2β
t−η1 Sε,j .(3.9)
We only consider an inner point (t0, x0) which is a maximum point of Fε,j achieved
on [0, T ]×Br1(p). By the similar arguments as that in Lemma 3.1 of [32], we have
(
d
dt
−∆ε,j)Fε,j ≤− A
2
e
− 2β
t−δ1Q + Ce
− α
t−δ1Q+Ae
− 2β
t−δ1
C
r2
,(3.10)
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where Q = |∇X |2 + |∇¯X |2. Now we choose α = 2β and A2 = C + 1, then
e
− α
t−η1Q ≤ C
r2
at (t0, x0). This implies that
|Rmε,j|2ωε,j(t) ≤
C1
r4
e
C2
t−η1 ,(3.11)
where C1 and C2 depend only on ‖ϕ0‖L∞(M), n, β, T , distω0(Br(p), D), η1, F and
ω0. Hence we prove the lemma. 
Using the standard parabolic Schauder regularity theory [30], we obtain the
following proposition.
Proposition 3.2. For any 0 < η < T , k ∈ N+ and Br(p) ⊂⊂ (M \ D), there
exists a constant Cη,T,k,p,r which depends only on ‖ϕ0‖L∞(M), n, β, η, k, T ,
distω0(Br(p), D), F and ω0, such that for any ε > 0 and j ∈ N+,
‖ϕε,j(t)‖
Ck
(
[η,T ]×Br(p)
) ≤ Cη,T,k,p,r .(3.12)
Through a further observation to equation (1.4), we prove the monotonicity of
ϕε(t) with respect to ε.
Proposition 3.3. For any (t, x) ∈ [0, T ]×M , ϕε(t, x) is monotonously decreasing
as εց 0.
Proof: For any ε1 < ε2, let ψ1,2(t) = ϕε1 (t)− ϕε2(t). Then we have
∂ψ1,2
∂t
≤ log (ωϕε2 +
√−1∂∂¯ψ1,2(t))n
ωnϕε2
+K|ψ1,2|.
By the similar arguments as that in Proposition 2.7, for any (t, x) ∈ [0, T ]×M
and δ > 0, we have
ψ1,2(t, x) ≤ eKt sup
M
ψ1,2(0, x) + Te
KTδ = TeKT δ.(3.13)
Let δ → 0, we conclude that ϕε1(t, x) ≤ ϕε2(t, x). 
For any [δ, T ] × K ⊂⊂ (0, T ] × (M \ D) and k ≥ 0, ‖ϕε,j(t)‖Ck([δ,T ]×K) is
uniformly bounded by Proposition 3.2. Let j approximate to ∞, we obtain that
‖ϕε(t)‖Ck([δ,T ]×K) is uniformly bounded. Then let δ approximate to 0 and K
approximate to M \ D, by the diagonal rule, we get a sequence {εi}, such that
ϕεi(t) converges in C
∞
loc topology on (0, T ] × (M \ D) to a function ϕ(t) that is
smooth on C∞
(
(0, T ]× (M \D)) and satisfies the equation
∂ϕ(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕ(t))n
ωn0
+ F0 + βϕ(t) + log |s|2(1−β)h(3.14)
on (0, T ] × (M \ D). Since ϕε(t) is decreasing as ε → 0, we conclude that ϕε(t)
converges in C∞loc topology on (0, T ] × (M \ D) to ϕ(t). Combining the above
arguments with (3.1) and (3.2), for any T > 0, we have
‖ϕ(t)‖
L∞
(
(0,T ]×(M\D)
) ≤ C1,(3.15)
e−hC2(t)ωβ ≤ ω(t) ≤ ehC2(t)ωβ on (0, T ]× (M \D),(3.16)
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where ω(t) = ω0+
√−1∂∂ϕ(t), constants C1 and C2 depend only on ‖ϕ0‖L∞(M), β,
n, ω0, F and T . By the similar arguments as that in [31], we obtain the following
proposition.
Proposition 3.4. For any t ∈ (0, T ], ϕ(t) is Ho¨lder continuous on M with respect
to the metric ω0.
Next, by using the monotonicity of ϕε(t) with respect to ε and constructing a
auxiliary function, we prove the continuity of ϕ(t) as t→ 0+.
Proposition 3.5. ϕ(t) ∈ C0([0, T ]×M) and
lim
t→0+
‖ϕ(t)− ϕ0‖L∞(M) = 0.(3.17)
Proof: Through the above arguments, we only need prove the limit (3.17). By
the monotonicity of ϕε(t) with respect to ε, for any ǫ > 0 and (t, z) ∈ (0, T ]×M ,
ϕ(t, z)− ϕ0(z) ≤ ϕε1(t, z)− ϕ0(z)
≤ |ϕε1(t, z)− ϕε1,j(t, z)|+ |ϕε1,j(t, z)− ϕ0,j(z)|
+|ϕ0,j(z)− ϕ0(z)|.(3.18)
By the same arguments as that in Proposition 2.8, for any t ∈ (0, δ1] and z ∈M ,
ϕ(t, z)− ϕ0(z) < ǫ.(3.19)
On the other hand, by S. Kolodziej’s results [28], there exists a smooth solution
uε,j to the equation
(ω0 +
√−1∂∂¯uε,j)n = e−F (0,z)−Kϕ0,j+Ĉ ω
n
0
(ε2 + |s|2h)1−β
,(3.20)
and uε,j satisfies
‖uε,j‖L∞(M) ≤ C,(3.21)
where Cˆ is a uniform normalization constant independent of ε and j, the constant
C depends only on ‖ϕ0‖L∞(M), β and F .
We define
Ψε,j(t) = (1− teKt)ϕ0,j + teKtuε,j + h(t)eKt −m‖ϕ0,j‖t− l|Ĉ|t,(3.22)
where
h(t) =− t‖ϕ0,j‖L∞ − t‖uε,j‖L∞ + n(t log t− t)e−Kt
+Kn
∫ t
0
e−Kss log sds− Ĉ
K
e−Kt +
Ĉ
K
,
(3.23)
m, l should be choosen later. Straightforward calculations show that
∂Ψε,j
∂t
− F (Ψε,j(t), z) ≤K‖ϕ0,j‖L∞(M) +Kmt‖ϕ0,j‖L∞(M) +Klt|Ĉ| − Ĉ + n log t
+ 2ĈeKt − F (0, z)−m‖ϕ0,j‖L∞(M) − l|Ĉ|+ nKt
≤− F (0, z) + n log t+ Ĉ + nKt−Kϕ0,j ,
(3.24)
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when t is sufficiently small and m, l are sufficiently large. Combining the above
inequalities,
(ω0 +
√−1∂∂¯Ψε,j(t))n ≥tnenKt(ω0 +
√−1∂∂¯uε,j(t))n
≥e
∂Ψε,j
∂t
−F (Ψε,j(t),z) ω
n
0
(ε2 + |s|2h)1−β
.
(3.25)
This equation is equivalent to
(3.26)

∂Ψε,j
∂t
≤ log (ω0 +
√−1∂∂¯Ψε,j(t))n
ωn0
+ F (Ψε,j(t), z) + log(ε
2 + |s|2h)1−β ,
Ψ(0) =ϕ0,j .
By the similar arguments as that in the proof of Proposition 2.7, for any (t, z) ∈
[0, T ]×M ,
ϕε,j(t)− ϕ0,j ≥ −teKtϕ0,j + teKtuε,j −mt‖ϕ0,j‖ − lt|Ĉ|+ h(t)eKt.(3.27)
Let j →∞ and then ε→ 0, we have
ϕ(t, z)− ϕ0(z) ≥ −CteKt − Ct+ h(t)eKt.(3.28)
There exists δ2 such that for any t ∈ [0, δ2],
ϕ(t, z)− ϕ0(z) > −ǫ.(3.29)
Let δ = min(δ1, δ2), then for any t ∈ (0, δ] and z ∈M ,
− ǫ < ϕ(t, z)− ϕ0(z) < ǫ.(3.30)
This completes the proof of the proposition. 
Now we are ready to prove the uniqueness of the conical parabolic complex
Monge-Ampe`re equation (1.2) starting with ϕ0 ∈ Ep(M,ω0) for some p > 1.
Theorem 3.6. Let ϕi(t) ∈ C0
(
[0, T ]×M)⋂C∞((0, T ]× (M \D)) (i = 1, 2) be
two solutions to the parabolic Monge-Ampe`re equation
∂ϕi(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕi(t))n
ωn0
+ F (ϕi(t), z) + log |s|2(1−β)h(3.31)
on (0, T ]× (M \D). If ϕi (i = 1, 2) satisfy
• For any 0 < δ < T , there exists a uniform constant C such that
C−1ωβ ≤ ω0 +
√−1∂∂¯ϕi(t) ≤ Cωβ
on [δ, T ]× (M \D);
• On [δ, T ], there exist constants α > 0 and C∗ such that ϕi(t) is Cα on M
with respect to ω0 and ‖∂ϕi(t)∂t ‖L∞(M\D) 6 C∗;
• lim
t→0+
‖ϕi(t)− ϕ0‖L∞(M) = 0.
Then ϕ1 = ϕ2.
Proof: We apply Jeffres’ trick [26] in the parabolic case. For any 0 < t1 < T
and a > 0, let φ1(t) = ϕ1(t) + a|s|2qh , where 0 < q < 1 is determined later. The
evolution equation of φ1 is
∂φ1(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕ1(t))n
ωn0
+ F (ϕ1(t), z) + log |s|2(1−β)h .
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Denote ψ(t) = φ1(t) − ϕ2(t) and ∆ˆ =
∫ 1
0 g
ij¯
sϕ1+(1−s)ϕ2
∂2
∂zi∂z¯j
ds, ψ(t) evolves along
the following equation
∂ψ(t)
∂t
= ∆ˆψ(t)− a∆ˆ|s|2qh + F (ϕ1(t), z)− F (ϕ2(t), z).
By the arguments as that in [31], we obtain
∂ψ(t)
∂t
≤ ∆ˆψ(t) +K|ψ|+ aC.
Let ψ˜ = e−K(t−t1)ψ+ aC
K
e−K(t−t1)−ǫ(t−t1). By choosing suitable 0 < q < 1, we
can assume that the space maximum of ψ˜ on [t1, T ]×M is attained away from D.
Let (t0, x0) be the maximum point. If t0 > t1 and ψ(t0, x0) > 0, by the maximum
principle, at (t0, x0), we have
0 ≤ ( ∂
∂t
− ∆ˆ)ψ˜(t) ≤ −ǫ,
which is impossible, hence t0 = t1 or t0 > t1 and ψ(t0, x0) ≤ 0. Then for (t, x) ∈
[t1, T ]×M , we obtain
ψ(t, x) ≤ eKT ‖ϕ1(t1, x) − ϕ2(t1, x)‖L∞(M)
+aCeKT + ǫT eKT .
Let a→ 0 and then t1 → 0+, we get
ϕ1(t)− ϕ2(t) ≤ ǫT eβT .
It shows that ϕ1(t) ≤ ϕ2(t) after we let ǫ → 0. By the same reason we have
ϕ2(t) ≤ ϕ1(t), then we prove that ϕ1(t) = ϕ2(t). 
Next, we prove the uniform gradient estimates and Laplacian estimates of φ˙ε,j(t)
on M × [η, T ].
Lemma 3.7. For any 0 < η < T , there exists a uniform constant C depending
only on ‖ϕ0‖L∞(M), n, β, η, ω0, F and T , such that for any t ∈ [η, T ], ε > 0 and
j ∈ N+, we have
|∇ϕ˙ε,j(t)|2ωε,j(t) ≤ C,(3.32)
|∆ε,j ϕ˙ε,j(t)| ≤ C.(3.33)
Proof: As the computations in [31], we have
(3.34) (
d
dt
−∆ε,j)|∇ϕ˙ε,j |2ωε,j ≤ C|∇ϕ˙ε,j |2ωε,j − |∇∇ϕ˙ε,j |2ωε,j − |∇∇ϕ˙ε,j |2ωε,j + C.
Set Hε,j = (t− η2 )|∇ϕ˙ε,j |2ωε,j +Aϕ˙2ε,j . Assume that the maximum point of Hε,j on
[η2 , T ] is (t0, x0) and t0 >
η
2 . Then we have
(
d
dt
−∆ε,j)Hε,t ≤Ct|∇ϕ˙ε,j |2 + (1 − 2A)|∇ϕ˙ε,j |2ωε,j + 2Aϕ˙ε,jF ′(ϕε,j , z)ϕ˙ε,j + Ct
≤− |∇ϕ˙ε,j |2ωε,j + C,
where 2A = CT + 2. By the maximum principle, we have
(3.35) |∇ϕ˙ε,j |2ωε,j ≤
C
t− η2
.
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Straightforward calculations show that
(
d
dt
−∆ε,j)∆ε,j ϕ˙ε,j(t) ≤ −|∇∇ϕ˙ε,j |2ωε,j + F ′∆ε,j ϕ˙ε,j(t) + C|∇ϕ˙ε,j |ωε,j + C.
Let Gε,j = (t − η2 )2(−∆ε,jϕ˙ε,j) + 2(t − η2 )2|∇ϕ˙ε,j |2ωε,j . Assume that the minmum
point of Gε,j on [
η
2 , T ] is (t0, x0), t0 >
η
2 and −∆ε,jϕ˙(t0, x0) < 0. Then we have
(
d
dt
−∆)Gε,j ≥(t− η
2
)(2 + (t− η
2
)F ′)(−∆ϕ˙ε,j) + |∇∇ϕ˙ε,j |2ωε,j (t−
η
2
)2 − C
≥(t− η
2
)C(−∆ε,j ϕ˙ε,j) +
(t− η2 )2
n
(−∆ε,jϕ˙ε,j)2 − C
=
( (t− η2 )(−∆ε,jϕ˙ε,j)√
n
+
√
nC
2
)2 − C2n
4
− C.
By the maximum principle, we get
(3.36) (t− η
2
)2(−∆ε,jϕ˙ε,j) ≥ −C.
On the other hand, we set G˜ε,j = (t− η2 )2(−∆ε,jϕ˙ε,j)+2(t− η2 )2|∇ϕ˙ε,j |2ωε,j . Assume
that the maximum point of G˜ε,j on [
η
2 , T ] is (t0, x0), t0 > 0 and −∆ε,jϕ˙(t0, x0) > 0.
(
d
dt
−∆ε,j)G˜ε,j ≤(t− η
2
)(2 + (t− η
2
)F ′)(−∆ε,jϕ˙ε,j)− 2(t− η
2
)2|∇∇ϕ˙ε,j |2ωε,j + C(t−
η
2
)
≤C(t− η
2
)(−∆ε,j ϕ˙ε,j)− 2(t− η
2
)2
(−∆ε,jϕ˙ε,j)2
n
+ C(t− η
2
).
By the maximum principle, we get
(3.37) (t− η
2
)2(−∆ε,jϕ˙ε,j) ≤ C.
At last, we prove the regularity along the conical parabolic complex Monge-
Ampe`re equation (1.2).
Theorem 3.8. The solution ϕ(t, ·) of the equation (1.2) is C2,α,β for any α ∈
(0,min{1, 1
β
− 1}) when t ∈ (0, T ].
Proof : Fix t > 0. We assume that t ∈ [η, T ] for some 0 < η < T . By (3.16), we
know that |∆ωβϕ(t)| is uniformly bounded by some constant C depending only on
‖ϕ0‖L∞(M), n, β, ω0, η, F and T . By Proposition 2.7, we obtain that |∇ϕ(t)|ω(t)
is bounded. By the Lemma 4.6 in [31], Lemma 2.1, Lemma 3.7 and (3.16), we have
‖ϕ‖C1(M) ≤ C, ‖ϕ˙‖C1(M) ≤ C, |∆ω(t)ϕ˙| ≤ C,
1
C
ωβ ≤ ω0 +
√−1∂∂¯ϕ(t) ≤ Cωβ ,
where the C1-norm and Laplacian are taken with respect to ω(t), and the constant
C depending only on ‖ϕ0‖L∞(M), n, β, ω0, η, F and T . Since ωβ ≥ γω0 for some
positive constant γ, we have
|∇F (ϕ(t, z), z)|ω(t) ≤ C and n− Cγ−1n ≤ ∆ω(t)ϕ ≤ n.(3.38)
At the same time, there exists a constant C such that
|∆ω(t)F (ϕ(t, z), z)| ≤ C.(3.39)
Now we consider the parabolic Monge-Ampe`re equation
(ω0 +
√−1∂∂¯ϕ)n = eϕ˙−F (ϕ(t,z),z) ω
n
0
|s|2(1−β)h
.(3.40)
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If we use Tian’s theorem in [45] directly, we need prove that ∆ωβ ϕ˙ is bounded
from below. But here we can only obtain the lower bound of ∆ω(t)ϕ˙, so we need
a modification of Tian’s theorem. Now replacing the base metric ωβ and the co-
variant derivatives with respect to ωβ in Tian’s theorem [45] by ω(t) and ordinary
partial derivatives respectively, we can conclude that for any α ∈ (0,min{1, 1
β
−1}),√−1∂∂¯ϕ is Cα-bounded with respect to ω(t) by following Tian’s discussion. Since
this process is very similar to the one in [45], we omit the details here. Combin-
ing with the equivalence between ω(t) and ωβ, we know that the unique solution
to the conical parabolic complex Monge-Ampe`re equation (1.2) is C2,α,β for any
α ∈ (0,min{1, 1
β
− 1}) when t ∈ (0, T ]. 
4. Proof of Theorem 1.4
In this section, combining the arguments in section 2, 3 with [39], we prove
Theorem 1.4. By Kolodziej’s results [27, 28], we know that ϕ0 is Ho¨lder continuous
on M and there exists a continuous solution ψε to equation
(ω0 +
√−1∂∂¯ψε)n = cεe−F (ϕ0,z) ω
n
0
(ε2 + |s|2h)1−β
,(4.1)
where sup
M
(ϕ0−ψε) = sup
M
(ψε−ϕ0), cε is the normalized constant and it is uniformly
bounded. Let {ϕj} be a sequence of smooth functions such that
lim
j→∞
‖ϕj − ϕ0‖L∞(M) = 0.(4.2)
By Yau’s results [49], there exists a smooth function ψε,j such that
(ω0 +
√−1∂∂¯ψε,j)n = cε,je−F (ϕj(z),z) ω
n
0
(ε2 + |s|2h)1−β
,(4.3)
where sup
M
(ψε − ψε,j) = sup
M
(ψε,j − ψε), cε,j is the normalized constant and it is
uniformly bounded. By the stability theorem in [29] (see also [14] or [22]),
lim
j→∞
‖ψε,j − ψε‖L∞(M) = 0,(4.4)
lim
j→∞
‖ψε − ϕ0‖L∞(M) = 0.(4.5)
Proposition 4.1. There exist uniform T such that the equation
(4.6)

∂ϕε,j(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕε,j(t))n
ωn0
+ F (ϕε,j(t), z),
+ (1− β) log(ε2 + |s|2h)− log cε,j + log cε
ϕε,j(0) = ψε,j
admits a unique smooth solution ϕε,j(t) on [0, T ]×M for any ε and j. The solutions
{ϕε,j(t)} converge to the unique solution ϕε(t) of equation
(4.7)
∂ϕε(t)
∂t
= log
(ω0 +
√−1∂∂¯ϕε(t))n
ωn0
+ F (ϕε(t), z) + (1− β) log(ε2 + |s|2h),
ϕε(0) = ψε
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in L∞([0, T ] ×M) and C∞([η, T ] ×M) sense for any 0 < η < T . Furthermore,
ϕε(t) converge to ϕ(t) which is the solution of equation (1.2) with initial data ϕ0
in C∞loc((0, T ]× (M \D)) sense.
Proof: The proof is similar as that in the section 2 and 3. We only prove the
last result. By the arguments in section 3, we conclude that ϕε(t) converges to a
function ϕ˜(t) in C∞loc((0, T ]×(M\D)). We prove ϕ˜(t) = ϕ(t) by using the uniqueness
Theorem 3.6. By checking the steps in section 3, we know that all the arguments
are valid except Proposition 3.3. So we only need prove inequality (3.19). By the
similar arguments as that in Proposition 2.7, for any ε1 < ε2, (t, x) ∈ [0, T ] ×M
and δ > 0, we have
ϕε1(t, x)− ϕε2 (t, x) ≤ eKT ‖ψε1 − ψε2‖L∞(M) + TeKT δ.(4.8)
For any t > 0, we let δ → 0 and then ε1 → 0,
ϕ˜(t, x)− ϕ0 ≤ ϕε2 (t, x) + eKT ‖ϕ0 − ψε2‖L∞(M) − ϕ0
≤ |ϕε2 (t, z)− ϕε2,j(t, z)|+ |ϕε2,j(t, z)− ψε2,j(z)|
+|ψε2,j(z)− ψε2 |+ |ψε2 − ϕ0(z)|+ eKT ‖ϕ0 − ψε2‖L∞(M).
By choosing suitable ε2, j and δ1, we have
ϕ˜(t, z)− ϕ0(z) < ǫ for any (t, x) ∈ (0, δ1]×M.(4.9)
Then by constructing auxiliary function as that in Proposition 3.5,
lim
t→0
‖ϕ˜(t)− ϕ0‖L∞(M) = 0.(4.10)
By the uniqueness Theorem 3.6, we have ϕ˜(t) = ϕ(t). 
Proof of Theorem 1.4: Differentiating the equation (4.6) we obtain
(
d
dt
−∆ε,j)ϕ˙ε,j(t) = F ′(ϕε,j(t), z)ϕ˙ε,j(t).(4.11)
Since F ′(ϕε,j(t), z) is bounded as long as ϕε,j(t) is bounded, from the maximum
principle we get
sup
M
|ϕ˙ε,j(t)| ≤ eKt sup
M
|ϕ˙ε,j(0)| for any t ∈ [0, T ],(4.12)
where K depends on β, n, ω0, F , T and ‖ϕ‖L∞ . Since
ϕ˙ε,j(0) = F (ψε,j , z)− F (ϕj(z), z) + log cε,(4.13)
for any (t, z) ∈ (0, T ]× (M \D), we have
|ϕ˙ε,j(t, z)| ≤ eKT (|F (ψε,j , z)− F (ϕj(z), z)|+ | log cε|).(4.14)
Let j →∞ and then ε→ 0, by Proposition 4.1, we obtain
ϕ˙(t, z) = 0 on (0, T ]× (M \D).(4.15)
Since ϕ(t, z) is continuous on [0, T ]×M , it follows that ϕ(t, z) = ϕ0 for all t. By
Theorem 1.2, ϕ0 is C
2,α,β for any α ∈ (0,min{1, 1
β
− 1}). 
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